Topology Chapter 2 Lecture Notes Fall 2023

§12 Topological Spaces
Definition A topology on a set X is a collection .7 of subsets of X having the following
properties:

(1) 0 and X are in 7.

(2) The union of the elements of any subcollection of .7 is in .7 .

(3) The intersection of the elements of any finite subcollection of .7 is in 7.

A set X for which a topology 7 has been specified is called a topological space.

Properly speaking, a topological space is an ordered pair (X, .7) consisting of a set X and a
topology 7 on X, but we often omit specific mention of .7 if no confusion will arise.

Definition Let X be a topological space with topology 7. A subset U of X is called an open
set of X if U € 7, i.e. U belongs to the collection 7. Using this terminology, one can say that
X is a topological space if

(1) @ and X are open.

(2) Arbitrary union of open sets is open.

(3) Any finite intersection of open sets is open.
Examples

1. Let X be a three-element set, X = {a, b, c}. There are many possible topologies on X ,some
of which are indicated schematically in Figure 12.1. The diagram in the upper right-hand
corner indicates the topology in which the open sets are X, (), {a, b}, {b}, and {b,c}. The
topology in the upper left-hand corner contains only X and (), while the topology in the
lower right-hand corner contains every subset of X. You can get other topologies on X by
permuting a, b, and c.

Figure 12.1

From this example, you can see that even a three-element set has many different topologies.
But not every collection of subsets of X is a topology on X. Neither of the collections
indicated in Figure 12.2 is a topology, for instance.
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Figure 12.2

2. Let X be a set and let . = Z(X) = {U | U C X} be the collection of all subsets of X,
called the power set of X. Then 7 is a topology on X and it is called the discrete topology
on X.

3. Let X be a set and let .7 = {(), X} consist of ) and X only. Then .7 is a topology on X
and it is called the trivial topology on X.

4. Let X =R and let
Iy ={U | X \ U is either finite subset or all of X}.

Then .7} is a topology on X, called the the finite complement topology.

5. Let X =E" and let . = {U |Va € U, Je = e(x) > 0s.t. B.(x) C U}, where B.(z) =
{y € E" | d(z,y) < €} denotes the Euclidean ball with center x and radius €. Then 7 is a
topology on E™ and it is called the usual or standard topology on E™.

Definition Suppose that .7 and .7’ are two topologies on a given set X. If 7" D .7, we say that
" is finer (or larger) than 7; if " properly contains .7, we say that 7" is strictly finer than
. We also say that 7" is coaser (or smaller) than .7, or strictly coarser,in these two respective
situations. We say 7 is comparable with 7" if either ' > 7 or D> J.

613 Basis for a Topology

Definition If X is a set, a basis for a topology on X is a collection # of subsets of X (called
basis elements) such that

(1) For each x € X, there is at least one basis element B containing x =— U B =X.
Be#
(2) If = belongs to the intersection of two basis elements By and Bsy, then there is a basis element

B3 containing x such that
B3 C BN B,

i.e. If By, B, € % satisfy that B; N By # (), then there is a B3 € % such that Bs C B; N Bs.
Definition If 4 is a basis for a topology on X, then the topology .7 generated by 4 is defined

by
T ={U|VzxeU 3IBecABst.xc BCU}

that is, U is an open subset of X (or U € .7) if for each = € U, there is a basis element B € %
such that r € B and B C U.

Remark Note that

e if Be B — B € .7, ie. all basis elements are open in X under this definition, so that
B CT.
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e if U € .7, then for each x € U, there exists a B, € & such that v € B, C U and

v=J{ztcUB.c|JU=U = Uv=JB

zeU zeU zelU zelU

() € .7 since it satisfies the defining condition of openness vacuously.

X €  since for each x € X there is a basis element containing = and contained in X.

e if {U,}acs is a collection of elements of 7 and if U = U, U, then U € 7 since for each
x € U, there is an index « such that x € U, and since U, € .7 there is a basis element B
such that

re€BCU, =—= z€Band BCU — Ue I

e if U; and U; are elements of .77, then U;NU, € 7 since for any x € Uy NU,, there exist basis
elements By, By containing x such that B; C U; and By C U,. Also, by the second condition
for a basis, there exists a basis element Bj containing x such that = € By C U; N Us (see
Figure 13.3) which implies that Uy N Uy € 7, by definition.

Figure 13.3

e if U =U;N---NU, is any finite intersection of n elements of .7, then U € 7 since this
is trivial for the case when n = 1, and if we suppose this is true for the intersection of any
n— 1 elements then it is true for the intersection of any n elements since UyN---NU,,_1 €
by hypothesis and

by the result just proved.

Hence the collection .7 is indeed a topology on X.

Example 1. Let % be the collection of all circular regions (interiors of circles) in the plane.
Then £ satisfies both conditions for a basis. The second condition is illustrated in Figure 13.1.
In the topology generated by %, a subset U of the plane is open if every = in U lies in some
circular region contained in U.

Example 2. Let %' be the collection of all rectangular regions (interiors of rectangles) in the
plane, where the rectangles have sides parallel to the coordinate axes. Then %’ satisfies both
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xe

Figure 13.1 Figure 13.2

conditions for a basis. The second condition is illustrated in Figure 13.2; in this case, the
condition is trivial, because the intersection of any two basis elements is itself a basis element
(or empty). As we shall see later, the basis %’ generates the same topology on the plane as the
basis # given in the preceding example.

Example 3. If X is any set, the collection of all one-point subsets of X is a basis for the discrete
topology on X.

Another way of describing the topology generated by a basis is given in the following lemma:

Lemma 13.1 Let X be a set; let & be a basis for a topology .7 on X. Then .7 equals the
collection of all unions of elements of Z.

Proof Given any collection of elements of A, they are also elements of 7, Because 7 is a
topology, their union is in .7. Conversely, given U € .7 choose for each x € U an element B, of
% such that x € B, C U. Then U = U,cy B,, so U equals a union of elements of %.

This lemma states that every open set U in X can be expressed as a union of basis elements.
This expression for U is not, however, unique. Thus the use of the term “basis” in topology
differs drastically from its use in linear algebra, where the equation expressing a given vector as
a linear combination of basis vectors is unique.

We have described in two different ways how to go from a basis to the topology it generates.
Sometimes we need to go in the reverse direction, from a topology to a basis generating it. Here
is one way of obtaining a basis for a given topology; we shall use it frequently.

Lemma 13.2 Let X be a topological space. Suppose that € is a collection of open sets of X such
that for each open set U of X and each x € U, there is an element C' of ¥ such that x € C' C U.
Then ¥ is a basis for the topology of X.

Proof We must show that % is a basis. The first condition for a basis is easy: Given z € X,
since X is itself an open set, there is by hypothesis an element C' of ¢ such that x € C' C X. To
check the second condition, let x belong to C N Cy, where C; and Cy are elements of . Since
C1 and (5 are open, so is C N Cy. Therefore, there exists by hypothesis an element C5 in % such
that x € 03 Cc ChNCh.

Let 7 be the collection of open sets of X; we must show that the topology .7’ generated by
% equals the topology 7. First, note that if U belongs to .7 and if x € U, then there is by
hypothesis an element C' of € such that x € C' C U. It follows that U belongs to the topology 7,
by definition. Conversely, if W belongs to the topology .7/, then W equals a union of elements
of &, by the preceding lemma. Since each element of € belongs to .7 and .7 is a topology, W
also belongs to 7.

When topologies are given by bases, it is useful to have a criterion in terms of the bases for
determining whether one topology is finer than another. One such criterion is the following:
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Lemma 13.3 Let Z and %’ be bases for the topologies .7 and .7, respectively, on X. Then the
following are equivalent:

(1) 7’ is finer than 7.

(2) For each x € X and each basis element B € 4 containing z, there is a basis element
B' € %' such that x € B’ C B.

Proof (2) = (1). Given an element U € .7, we wish to show that U € 7. For any = € U,
since & generates .7, there is an element B € 4 such that + € B C U. Condition (2) tells
us there exists an element B’ € %’ such that v € B’ C B. Then x € B’ C U, so U € J', by
definition.

(1) = (2) For each z € X and each basis element B € % containing x, since B € 7 by
definition and .7 C .7’ by condition (1), we have B € 7'. Since 7' is generated by %', there is
an element B’ € %' such that x € B’ C B.

Example 4. One can now see that the collection & of all circular regions in the plane generates
the same topology as the collection ’ of all rectangular regions; Figure 13.4 illustrates the proof.
We shall treat this example more formally when we study metric spaces.

@B B’ B

Figure 13.4

Definition A subbasis . for a topology on X is a collection of subsets of X whose union equals
X. The topology generated by the subbasis . is defined to be the collection .7 of all unions of
finite intersections of elements of ..

Note that if # = {ﬂ Si | S; € .7, m > 1} is the collection of all finite intersections of elements
i=1
of ., then A is a basis since X = U S C U BCcX = U B =X and
Ses Be# Be#

if By =5N---NS,,, Bo=5N-NS, € B = BNBy=(S1N---NS,)NS;N---NS) eRB

Hence, by Lemma 13.1, the collection .7 of all unions of elements of £ is a topology.
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§16 The Subspace Topology

Definition Let X be a topological space with topology 7 and let Y be a subset of X. Then the

collection
P ={YnNU|UeT}

is a topology on Y, called the subspace or induced topology. With this topology, Y is called a
subspace of X; its open sets consists of all intersections of open sets of X with Y.

Since
0=YNO and Y =YNX = 0,Y €%,

ﬁ(UmY): <ﬁU> Ny e%, and |J(U.NY)= (U Ua> nNY € %

i=1 =1 acJ acJ
Jy is a topology on Y.
Lemma 16.1 If 4 is a basis for the topology of X then the collection

@Y:{BF\IY|B€@}

is a basis for the subspace topology on Y.

Proof Given U open in X and given y € U NY, we can choose an element B of # such that
ye BCU Theny e BNY Cc UNY. It follows from Lemma 13.2 that %y is a basis for the
subspace topology on Y.

Lemma 16.2 Let Y be a subspace of X. If U is open in Y and Y is open in X, then U is open
in X.

Proof Since U isopen in Y, U = Y NV for some set VV open in X. Since Y and V' are both open
in X,soisYNV.

Example Let X = R be the real line with the usual topology generated by the basis {(a,b) | a <
b € R} and let Y = [0, 1]. Then the basis for the subspace topology .7y consists of the following:

((a,) f0<a<b<l
[0,0) ifa<0<b<1
(a,b)NY = < (a,1] if0<a<l1l<bd
0 ifbo<Oorl<a
[0, 1] ifa<0<1<b

Example Let X = R be the real line with the usual topology as above, and let Y = [0,1) U{2}.
Note that the one-point set {2} and [0, 1) are open in the subspace topology 5.

§17 Closed Sets and Limit Points

Definition Let X be a topological space. A subset F' of X is called an closed set of X if
Fe=X\F € 7, ie. the complement subset of F' in X is an open set of X.

The collection of closed subsets of a space X has properties similar to those satisfied by the
collection of open subsets of X:

Theorem 17.1 Let X be a topological space. Then the following conditions hold:
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(1) @ and X are closed.

(2) Arbitrary intersection of closed sets is closed.

(3) Any finite union of closed sets is closed.
Proof (1) ) and X are closed because they are the complements of the open sets X and 0,
respectively.

(2) Given a collection of closed sets {Ag}aes, we apply DeMorgan’s law,

X\ (A= J X\ A).

acJ aed

Since the sets X'\ A, are open by definition, the right side of this equation represents an arbitrary
union of open sets, and is thus open. Therefore, N,c;A, is closed.

(3) Similarly, if A; is closed for i = 1,...,n, consider the equation

n

X\UAizﬂ(X\Ai).

=1

The set on the right side of this equation is a finite intersection of open sets and is therefore
open. Hence U} A; is closed.

Theorem 17.2 Let Y be a subspace of X. Then a set A is closed in Y if and only if it equals
the intersection of a closed set of X with Y.

Proof Assume that A = CNY, where C' is closed in X. (See Figure 17.1.) Then X\ C'is open in X
so that (X \ C')NY is open in Y, by definition of the subspace topology. But(X \ C)NY =Y\ A
Hence Y \ A is open in Y, so that A is closed in Y.

Conversely, assume that A is closed in Y. (See Figure 17.2.) Then Y \ A is open in Y, so that by
definition it equals the intersection of an open set U of X with Y. The set X \ U is closed in X,
and A=Y N (X \ U) so that A equals the intersection of a closed set of X with Y, as desired.

Figure 17.1 Figure 17.2

A set A that is closed in the subspace Y may or may not be closed in the larger space X. As
was the case with open sets, there is a criterion for A to be closed in X as follows.
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Theorem 17.3 Let Y be a subspace of X. If A is closed in Y and Y is closed in X, then A is
closed in X.

Definition Let X be a topological space. A subset U is called a open neighborhood of p if U
is an open set containing p. Note that if U is an open subset of X, then it is a neighborhood of
each point p € U.

Definition Let A be a subset of a topological space X. A point p of X is called a limit point
(or accumulation point) of A if every open neighborhood U of p contains at least one point of

A\ {p}, ie.
’ UnA\{p}#0.

Let A" denote the set of limit points of A. Note that a limit point of A may not be a point in A.
Examples

1. Let X =R and let A = {1/n | n € N}. Then A has exactly one limit point, namely the
origin.
Let X =R and let A =[0,1). Then [0, 1] is the set of limit points of A.
Let X =E® and let A = {(2,y,2) | x, y, 2 € Q}. Then E? is the set of limit points of A.
Let X =E® and let A = {(,y,2) |z, y, 2 € Z}. Then A does not have any limit points.

ARl S

Let X = R with the finite complement topology 7. If we take A to be an infinite subset
of X, then every point of X is a limit point of A. On the other hand a finite subset of X
has no limit points in this topology.

Corollary 17.7 A set is closed if and only if it contains all of its limit points.

Proof If A is closed, then X \ A is open. Since

AN(X\NA)\{p} =0 Vpe X\A,

X \ A does not contain any limit point of A. Therefore A contains all of its limit points.

Conversely, suppose A contains all of its limit points and let p € X \ A. Since p is not a limit
point of A, there is a neighborhood U of p such that

UNA=0 = peUCX\A
This implies that X \ A is a neighborhood of each of its points and consequently open. Therefore

A is closed.

Definition Given a subset A of a topological space X, the interior of A is defined as the union
of all open sets contained in A, and the closure of A is defined as the intersection of all closed
sets containing A.

The interior of A is denoted by Int A and the closure of A is denoted by Cl A or by A. Obviously
Int A is an open set and A is a closed set; furthermore,

IntAcC AcC A.

If A is open, A = Int A; while if A is closed, A = A, that is, A is closed if and only if it is equal
to its closure.

Theorem 17.4 If Y is a subspace of X, A is a subset of ¥ and A denotes the closure of A in X,
then the closure of A in Y equals ANY.
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Proof Let B denote the closure of A in Y. The set A is closed in X, so ANY is closed in Y by
Theorem 17.2. Since ANY contains A, and since by definition B equals the intersection of all
closed subsets of Y containing A, we must have B C ANY.

On the other hand, we know that B is closed in Y. Hence by Theorem 17.2, B = C'NY for some
set C closed in X. Then C'is a closed set of X containing A; because A is the intersection of all
such closed sets, we conclude that A C C. Then (ANY) C (CNY) = B.

Theorem 17.5 Let A be a subset of the topological space X.
(a) Then z € A if and only if every open set U containing z intersects A.

(b) Supposing the topology of X is given by a basis, then x € A if and only if every basis
element B containing x intersects A.

Proof Consider the statement in (a). It is a statement of the form P <= Q. Let us trans-
form each implication to its contrapositive, thereby obtaining the logically equivalent statement
(not P) <= (not @) . Written out, it is the following:

v ¢ A <= there exists an open set U containing z that does not intersect A.

In this form, our theorem is easy to prove. If z is not in A, the set U = X \ A is an open set
containing = that does not intersect A, as desired. Conversely, if there exists an open set U
containing x which does not intersect A, then X \ U is a closed set containing A. By definition
of the closure A, the set X \ U must contain A; therefore,  cannot be in A.

Statement (b) follows readily. If every open set containing z intersects A, so does every basis
element B containing x, because B is an open set. Conversely, if every basis element containing
x intersects A, so does every open set U containing x, because U contains a basis element that
contains x.

Theorem 17.6 Let A be a subset of the topological space X; let A’ be the set of all limit points
of A. Then
A=AUA.

Proof If x is in A’, every neighborhood of z intersects A (in a point different from x). Therefore,
by Theorem 17.5, = belongs to A. Hence A’ C A. Since by definition A C A, it follows that
AUA C A

To demonstrate the reverse inclusion, we let = be a point of A and show that x € AU A" If x
happens to lie in A, it is trivial that x € AU A’; suppose that = does not lie in A. Since z € A,
we know that every neighborhood U of z intersects A; because x ¢ A the set U must intersect
A in a point different from x. Then x € A" so that x € AU A’ as desired.

Definition Let A be a subset of a topological space X. The frontier (or boundary) of A, usually
denoted 0A, is the intersection of the closure of A with the closure of X \ A, i.e.

9A=AnX\ A

Definition A topological space X is called a Hausdorff space if for each pair x1, x5 of distinct
points of X, there exist neighborhoods U; and Us of x; and x4, respectively, that are disjoint.

Theorem 17.8 Every finite point set in a Hausdorff space X is closed.

Proof It suffices to show that every one-point set {xo} is closed. If x s a point of X different
from z(, then x and zy have disjoint neighborhoods U and V| respectively. Since U does not
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intersect {x¢}, the point x cannot belong to the closure of the set {z}. As a result, the closure
of the set {zo} is {zo} itself, so that it is closed.

Definition In an arbitrary topological space, one says that a sequence i, xs,... of points of
the space X converges to the point x of X provided that, corresponding to each neighborhood
U of z, there is a positive integer N such that z,, € U for all n > N.

Theorem 17.10 If X is a Hausdorff space, then a sequence of points of X converges to at most
one point of X.

Proof Suppose that x, is a sequence of points of X that converges to z. If y # x, let U and V'
be disjoint neighborhoods of = and y, respectively. Since U contains x,, for all but finitely many
values of n, the set V cannot. Therefore, x,, cannot converge to y.

§18 Continuous Functions

Definition Let X and Y be topological spaces. A function f: X — Y is continuous on X if for
each open subset V of Y, the set f~(V) is an open subset of X.

Remark Let us note that if the topology of the range space Y is given by a basis %, then to
prove continuity of f it suffices to show that the inverse image of every basis element is open:
The arbitrary open set V' of Y can be written as a union of basis elements

V= U B,.
aeJ
Then
V) =B,
acJ

so that f~'(V) is open if each set f~'(B,) is open.

If the topology on Y is given by a subbasis ., to prove continuity of f it will even suffice to
show that the inverse image of each subbasis element is open: The arbitrary basis element B for
Y can be written as a finite intersection S; N ---N .9, of subbasis elements; it follows from the
equation

fUB) = Sy NN f(S,)
that the inverse image of every basis element is open.

Definition A function h : X — Y is called a homeomorphism if it is one-to-one, onto, continuous
and has a continuous inverse h~' : Y — X. When such a function exists, X and Y are called
homeomorphic (or topologically equivalent) spaces.

The map f : X — Y is called a topological imbedding, or simply an imbedding, of X in Y if
f: X — Y is an injective continuous map from X into Y.

Example Let the real line R and the complex plane C = R? be given the usual topologies, let
X=[0,1)CRandY =C={z=a+iye€C |z, y€R, 2*+y*> =1} be given respectively the
subspace topologies, and let f : [0,1) — C be defined by

f(t) = e*™"* = cos2nt +isin2nt for each t € [0,1) = f is one-to-one and onto.

Note that for each open disk B, (p) = {z € C| ||z—p|| < r} in C, since B,(p)NC is open in C' and
f(B.(p)NC)isopenin [0,1), f :[0,1) — C is continuous. However, its inverse f~': C' — [0,1)
is not continuous since for example (f_l)*1 ([0,1/2)) ={pe C | f'(p) €[0,1)} is not open in
(the subspace) C while [0,1/2) is open in (the subspace) [0, 1)).
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Theorem Let X, Y and Z be topological spaces. If f: X — Y and g: Y — Z are continuous
functions, then the composition go f : X — Z is a continuous function.

Proof Let O be an open set in Z. Since

(go f)71(O)=f"(47"(0))

and g~ (O) is open in Y because g is continuous, so f~' (¢7'(0)) must be open in X by the
continuity of f. Therefore go f : X — Z is continuous.

Theorem Suppose f : X — Y is continuous, and let A C X have the subspace topology. Then
the restriction f |, : A — Y is continuous.

Proof Let O be an open set in Y and notice that
(f 1)1 (0)=Anf0).

Since f is continuous, f~*(0) is open in X. Therefore (f|,)”' (O) is open in the subspace
topology on A, and the continuity of f |, follows from the preceding Theorem.

Definition The map 1y : X — X, defined by 1x(x) = x for each x € X, is called the identity
map of X. If we restrict 1x to a subspace A of X we obtain the inclusion map i : A — X.

Theorem 18.1 Let X and Y be topological spaces; let f : X — Y. Then the following are
equivalent:

(1) f: X — Y is continuous.

2) If B is a base for the topology of Y, the inverse image of every member of /3 is open in X.

)
(2)
(3) For every subset A of X, one has f(A) C f(A).
(4) For every subset B of Y, the set f~1(B) C f~!(B)
(5)

5) The inverse image of each closed set in Y is closed in X.

Proof

[(1) = (2)] For each B € f3, since B is an open set in the topology generated by 3, f~(B) is
open in X.

[(2) = (3)] Let A be a subset of X. Since A = AUA" and f(A) C f(A) = f(A)Uf(A)', it suffices
to show that if f(z) € f(A), v € A\ Aand if f(z) ¢ f(A), then f(z) € f(A)".
Suppose that f(z) € f(A), v € A\ A, f(x) ¢ f(A) and N is an open neighborhood of f(z) in
Y. Since 3 is a base for the topology of Y, there exists a basis element (an open subset) B in (3
such that

flx)e BCN = we f(B)C f(N).
Assuming (2), the set f~*(B) is open in X and is therefore an open neighborhood of x. Also
since

reA = fUB)NA#D = BN f(A)#0

and since

BNfA)S NN fA) = NNfAN{f(@)} =NNFfA) #0 — f(x) € f(A) C f(A)

This completes the proof of (3).
[(3) = (4)] For any subset B of Y, since f~!(B) is a subset of X and by assuming (3), we have

7 (FB)) SFFB) € B = F(B) C f(B)
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[(4) = (5)] If B is a closed subset of Y, since B = B and by assuming (4), we have
[UB)Sf U (B)=f(B) S [{B) = [(B)=['DB)

and thus f~(B) is closed in X.
[(5) = (1)] For each open set O of Y, since

X\fHO)={z e X[ f(2) ¢ O} ={z e X | f(x) eY\O} = (Y \O),

Y\ O is closed in Y and by assuming (5), we have f~*(Y \ O) = X \ £ 1(O) is closed in X and
thus f~'(O) is open in X. This shows that f : X — Y is continuous.

§15 The Product Topology on X x Y

Definition Let X and Y be topological spaces. The product topology on X x Y is defined to
be the topology generated by the basis

#B ={U xV | U isopenin X and V is open in Y}
Since

e XxYe#B = |J UxV=XxY,
UxVeR
o if Uy x Vi, Uy x Vo €A, then Uy NU, and V; N Vy are open in X and Y, respectively, and

(U x V)N Uy x Vo) = (U NU) x (ViNVy) € B as in Figure 15.1,

A is a basis.

MmN
V2
MmN
V1 YV
WV
¢ 3 N
\ \ 7 J
~— v —
H_J
)
U, 2
Figure 15.1

The set X x Y, when equipped with the product topology, is called a product space.

In general, if X, X,,..., X, are topological spaces, the product topology on X; x Xy x---x X,
is the topology generated by the base Z = {U; x Uy X -+ x U, | U; is open in X;, 1 <i < n}.
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For each 1 < i < n, the function 7; : X;x---xX;x---xX,, = X, defined by m;(zq,- -+ 2, ,2,) =
z; is called the projection of X; x --- x X, onto its i'" factor. Note that for each open subset
U; of X;, since W;I(Ui) =Xy x---xU; x---x X, is open in Xy X --- X X,,, the projection
m o X1 X - x X,, = X, 1s continuous .

Theorem 15.2 The collection
S ={r*(U) | Uopen in X} U {7y, (V) | Vopen inY}

is a subbasis for the product topology on X x Y.

" (V)
-1
v n, (V)
X
—_—
u
Figure 15.2

Proof Let .7 denote the product topology on X x Y; let .7’ be the topology generated by
.. Because every element of .¥ belongs to .7, so do arbitrary unions of finite intersections of
elements of .. Thus ' C 7.

On the other hand, every basis element U x V for the topology .7 is a finite intersection of
elements of . since

UxV=r1U)Nm* (V).
Therefore, U x V belongs to .7, so that 7 C 7" as well.

Theorem Let X, Y and Z be topological spaces and f: Z — X x Y be a function from Z into
X xY.Then f:Z — X xY is continuous if and only if the two composite functions (coordinate
functions) my o f : Z — X, meo f : Z — Y are both continuous.

Proof (=) If f : Z — X x Y is continuous, then 7 o f and 7 o f are continuous, by the
continuity of the projections 7y, ms.

(<) If both 7 o f and my o f are continuous, then f: Z — X X Y is continuous since for each
basic open set U x V of X x Y,

fHUXxV)=(mof)(U)n(mpo f)~*(V) isopenin Z.

Theorem The product space X x Y is a Hausdorff space if and only if both X and Y are
Hausdorff.
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Proof (=) Suppose that X x Y is Hausdorff. Given distinct points z1, x5 € X, we choose a
point y € Y and find disjoint basic open sets Uy x V;, Us x Vo in X x Y such that (zq1,y) € Uy xV;
and (z2,y) € Uy X Va.

Then Uy, Uy are disjoint open neighborhoods of z; and x5 in X. Therefore X is a Hausdorff
space.

The argument for Y is similar.

(<) Suppose that X and Y are both Hausdorff spaces. Let (x1,3;) and (xs,ys) be distinct
points of X x Y. Then either x; # x5 or y; # yo (or both).

If 1 # x5, since X is Hausdorff, there are disjoint open sets Uy, U, in X such that x; € U; and
xg € Us. Since (x1,y1) € Uy XY, (22,92) € Uy x Y and (U3 xY)N (U xY) =0, X xY is a
Hausdorff space.

The argument for y; # yo is similar.

6§20 The Metric Topology

Definition A metric (or distance) function on a set X is a real-valued function d : X x X — R
defined on the Cartesian product X x X such that for all z, y, z € X:

(a) d(x,y) > 0 and equality holds if and only if z = y;
(b) d(z,y) =d(y,z);
(c) d(z,y) +d(y, z) = d(z, z).

Given a metric d on X and a positive number £ > 0, the set By(z,¢) defined by
By(z,e) ={y € X | d(z,y) <e}

is called the e-ball centered at z.

Definition If d is a metric on the set X, then the collection of all e-balls By(z,¢) for x € X and
€ > 0, is a basis for a topology on X, called the metric topology induced by d, and the set X
together with metric d, usually denoted (X, d), is called a metric space.

The first condition for a basis is trivial, since B(z,¢) for any € > 0. Before checking the second
condition for a basis, we show that if y is a point of the basis element B(x,¢), then there is
a basis element B(y,d) centered at y that is contained in B(z,e). Define 6 to be the positive
number € —d(z,y). ThenB(y, ) C B(z,¢) for if z € B(y,d) then d(y, z) < e —d(z,y) from which
we conclude that

d(z,z) <d(z,y) +d(y,z) <d(z,y) +e—d(z,y) =¢

Now to check the second condition for a basis, let By and B, be two basis elements and let
y € By N By. We have just shown that we can choose positive numbers 6; and d, so that
B(y,81) € B; and B(y,d2) C Bs. Letting 0 be the smaller of d; and dy, we conclude that
B(y,d) C By N Ba.

Using what we have just proved, we can rephrase the definition of the metric topology as follows:

A set U is open in the metric topology induced by d if and only if for each
y € U, there is a § > 0 such that By(y,0) C U.
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Figure 20.1

Clearly this condition implies that U is open. Conversely, if U is open, it contains a basis element
B = By(z,¢) containing y, and B in turn contains a basis elementB,(y, ) centered at y.

Definition If X is a topological space, X is said to be metrizable if there exists a metric d on
the set X that induces the topology of X. A metric space is a metrizable space X together with
a specific metric d that gives the topology of X.

Definition Given x = (zy,...,z,) in R", we define the norm of z by the equation

lz]| = (&3 + - +22)"*;

and we define the euclidean metric (or usual metric, standard metric) d on R™ by the equation
2 271/2
d(z,y) =z —yll = [(z1 —92)* + -+ (20 —9a)*]
We define the square metric p by the equation
p(:E,y) - max{|:131 - yllv SR |"L‘n - yn|}

The proof that d is a metric requires some work; it is probably already familiar to you. If not, a
proof is outlined in the exercises. We shall seldom have occasion to use this metric on R"™.

To show that p is a metric is easier. Only the triangle inequality is nontrivial. From the triangle
inequality for R it follows that for each positive integer i,

[z — 2 <z —yil + |y — 2.
Then by definition of p,
|z — 2| < —yil + [y — 2] < plz,y) + p(y, 2).

As a result
p(x,y) < max |x; — z| < p(z,y) + p(y, 2),

1<i<n
as desired

Lemma 20.2 Let d and d’ be two metrics on the set X; let .7 and .7’ be the topologies they
induce, respectively. Then .7’ is finer than .7 if and only if for each x in X and each ¢ > 0,
there exists a ¢ > 0 such that

Bd/<x, (5) C Bd(l’, 8)
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Proof Suppose that.7’ is finer than 7. Given the basis element By(z,e) for .7, there is by
Lemma 13.3 a basis element B’ for the topology 7’ such that x € B’ € By(x,¢). Within B’ we
can find a ball By (z,d) centered at x.

Conversely, suppose the § — ¢ condition holds. Given a basis element B for .7 containing x, we
can find within B a ball By(x,¢) centered at x. By the given condition, there is a ¢ such that
By (z,8) C By(x,€). Then Lemma 13.3 applies to show .7 is finer than 7.

Theorem 20.3 The topologies on R" induced by the euclidean metric d and the square metric
p are the same as the product topology on R™.

§22 The Quotient Topology

Definition Let X and Y be topological spaces; let p : X — Y be a surjective function. The
map p is said to be a quotient map, provided a subset U of Y is open in Y if and only if p~'(U)
is open in X.

Remark

e This condition is stronger than continuity.

e An equivalent condition is to require that a subset A of Y is closed in Y if and only if
p~!(A) is closed in X. Equivalence of the two conditions follows from the equation

[TIY\B) =X\ [71(B).

e A subset C of X is saturated (with respect to the surjective continuous function p : X — Y)
if C' contains every set p~'(y) that it intersects. Thus a subset C' of X is saturated if

C = p (p(C).
So, p is a quotient map if p is continuous and p maps saturated open sets of X to open sets
of Y (or saturated closed sets of X to open sets of V).

e Amap f: X — Y is said to be an open map if for each open set U of X, the set f(U) is
open in Y. It is said to be an closed map if for each closed set A of X, the set f(A) is closed
inY.

It follows immediately from the definition that if p : X — Y is a surjective continuous map
that is either open or closed, then p is a quotient map.

Definition If X is a space and A is a set and if p: X — A is a surjective function, then there
exists exactly one topology .7 on A relative to which p is a quotient map; it is called the quotient
topology induced by p.

Remark Note that 7 is defined by
T ={UC A|p '(U) is open in X},
and 7 is a topology since

p i) =0and pt(A) =X = 0, Ac T,

! (UUa>:Up1(Ua) = ifU, € 7, Va e J then UUaega

aeJ acJ acJ

p <ﬂU> =(p'(U) = ifUie 7, Vi<i<nthen [|Ui€T.
=1 =1

=1
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Theorem Let f : X — Y be an onto continuous function. If f maps open sets of X to open
sets of Y, or closed sets to closed sets, then f is a quotient map.

Proof Suppose f maps open sets to open sets.

If U is open in Y, since f is continuous, f~*(U) is open in X.

Conversely, if f~}(U) is open in X for some subset U of Y, since f is onto and f is an open
mapping, U = f(f~1(U)) is open in Y. Hence f is a quotient map.

Corollary Let f: X — Y be an onto continuous function. If X is compact and Y is Hausdorff,

then f is a quotient map.

Proof Let C' be a closed subset of X. Since X is compact, f : X — Y is continuous and Y is
Hausdorff, f(C) is a compact subset and hence a closed subset of Y. This implies that f takes
closed sets to closed sets. Hence f is a quotient map.

Examples

1. Let m; : X XY — X be the projection map; m; is continuous and surjective. If U x V is
a basis element for X X Y, the image set m(U x V) = U is open in X. It follows readily
that m is an open map. In general, m; is not a closed map; the projection m; : R x R — R
carries the closed set {(z,y) | zy = 1} onto the the nonclosed set R\ {0}, for instance.

2. Let X be the subspace [0,1] U [2,3] of R, and let Y be the subspace [0,2] of R. The map
p: X — Y defined by

p(x) =

x for x € [0, 1],
x—1 for z € [2, 3]

is readily seen to be surjective, continuous, closed map. Since (1/2, 1] is open in X,
p((1/2,1]) = (1/2, 1] is not open Y, p: X — Y is not an open map.
3. Let A ={a, b, ¢} be a set of three points and let p : R — A be defined by

a if x >0,
plz)=<b if z <0,

c ifz=0

Then the quotient topology on A induced by 7 is 7 = {{a}, {b}, {a, b}, {a, b, ¢}, 0}, p is
an open map and it is not a closed map.

Definition Let X be a topological space, and let X* be a partition of X into disjoint subsets
whose union is X. Let p : X — X* be the surjective map that carries each point of X to the
element of X* containing it. In the quotient topology induced by p, the space X* is called a
quotient space of X.

Example 4 Let X be the closed unit ball {(z,y) | 2°+y* < 1} in R?, and let X* be the partition
of X defined as follows:

X = |J {@yru{lzy ®+y* =1}

z2+y?<1

Note that X* consists of all the disjoint one-point sets {(x,y)} for which #* +¢* < 1 and the
circle subset {(z,y) | z*> + y* = 1} of X. Typical open sets in X of the form p~'(U) are pictured
by the shaded regions in the following figure. One can show that X* is homeomorphic with the
unit 2-sphere S* = {(z,y,2) | 2> + y* + 2* = 1} C R®.
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W)

p(V}

Example 5 Let X be the rectangle [0,1] x [0,1] in R% Define a partition X* of X as follows:

xX'= |J {@yrv U {@0), @nru [J {0,9). (Ly}u{00),(0.1), (1,0), (1,1}

O<z,y<1 O<z<1 O<y<1

There are 4 kinds of typical open sets in X of the form p~(U) and one of them is shown in the
following figure.

Torus
A -
D i) o \ ‘

This description of X* is just a mathematical way of pasting the edges of a rectangle together
to form a torus.

Example 6 Let R be the rectangle [0, 3] x [0, 1] in R?. Define a partition R* of R as follows:

= J A@yiv J {0y, G1-y})

0<z<3,0<y<1 0<y<1

Identify the subsets of R* with the points of our Mobius strip M, and define the map 7 : R — M
by sending each point of R to the subset of the partition in which it lies.

e R

G, 1=y
Note that the union of two half discs in R, centers (0,y), (3,1 — y) and of equal radius, maps
via 7 to an open neighborhood of p in the identification topology on M, and if we take a single
half-disc, its image in M is not a neighborhood of p and is not open, so 7 is not an open mapping.
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Example 7 Consider the subspace A = [0,1] U (2, 3] of R; it is a subspace of the space X =
[0,1] U [2, 3] of Example 2. Suppose that we restrict the map p of Example 2 to A. Then

q=pla:A—|0,2]

is continuous and surjective, but it is not a quotient map since (1, 2] is open in Y while
¢ '((1,2]) = (2,3] is closed in A. Note that (1/2, 1] is open in A, p|a((1/2, 1]) = (1/2, 1] is
not open in Y, so pl4 : A — Y is not an open map. Also note that (2, 5/2] is closed in A,
pla((2,5/2]) = (1,3/2] is not closed in Y, so p|4 : A — Y is not a closed map.

So, if p: X — Y is a quotient map and A is a subspace of X, then the map p' : A — p(A)
obtained by restricting both the domain and range of p need not be a quotient map. However, it

is easy to see that if A is open in X and p is an open map, then (p’ = p|4 is an open map and)
p’ is a quotient map; the same is true if both A and p are closed.

Example 8 Let Y be the subspace (R, x R) U (R x 0) of R x R; let h = 1]y For any subset
U of R, since
R HUYN (R x0)=U x0,

h is a quotient map while A is neither open nor closed. For instance, the set
A={(x,y) | 2>+ (y—2)* < 1, z > 0} is open
and the set
B ={(z,y) |zy =1, x > 0} is closed in Y,
while h(A) = [0, 1) is not open and h(B) = (0, c0) is not closed in R.

Theorem Let p : X — Y be a quotient map. Let Z be a space and let g : X — Z be a continuous
function that is constant on each set p~*({y}), for y € Y. Then g induces a continuous function
f:Y — Zsuch that fop=g.

X
y L. 37

Proof For each y € Y, since g is constant on p~!({y}), the set g(p~*({y})) is a one-point set in
Z and f(y) can be defined as
Fy) =g {y}))-

So, we have defined a map f : Y — Z such that

f(p(x)) = g(x) foreach x € X = | J{p~"'(v)}.

yeyY
Given an open set V' of Z, since g is continuous and p is a quotient map,
g (V) =p ' (f7H(V))
is open in X and f~1(V) is open in Y. This shows that f is continuous.

Theorem Let g : X — Z be a surjective continuous function. Let X* be the following collection

of subsets of X:
X ={g'{zNlzezy={Jg'{=D.

z€Z
Give X* the quotient topology.
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(a) If Z is Hausdorff, then so is X*.

(b) The map g induces a bijective continuous function f : X* — Z, which is a homeomorphism
if and only if g is a quotient map.

X

pl \
x—1 5z
Proof By the preceding theorem, g induces a continuous function f : X* — Z; it is clear that f
is bijective.
Suppose that f is a homeomorphism. Then both f and the projection p : X — X™* are quotient
maps, so that g = f o p is a quotient map.

Conversely, suppose that g is a quotient map. Given an open set V of X*, since p is continuous,

g (f(V) =p~H(V)

is open in X and ¢g : X — Z is a quotient map, f(V) is open in Z. Hence f maps open sets to
open sets, so it is a homeomorphism.

If Z is Hausdorff, then given distinct points of X*, their images under f are distinct and thus
possess disjoint neighborhoods U and V. Then f~1(U) and f~'(V) are disjoint neighborhoods of
the two given points of X*.
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